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Abstract. This paper extends the result of [9] on the homogenization of integral functionals with linear 
growth defined for Sobolcv maps taking values in a given manifold. Through a T-convergence analysis, we 
identify the homogenized energy in the space of functions of bounded variation. It turns out to be finite 
for BV-maps with values in the manifold. The bulk and Cantor parts of the energy involve the tangential 
homogenized density introduced in [9], while the jump part involves an homogenized surface density given 
by a geodesic type problem on the manifold. 
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1. Introduction 

In this paper we extend our previous resut [9] concerning the homogenization of integral functionals 
t— 4- . with linear growth involving manifold valued mappings. More precisely, we are interested in energies 

f^S ' of the form 



fl~,Vu)dx, u:n->McR d , (1.1) 

where f2 C K. is a bounded open set, / : M. N x R dxAr — > [0, +oo) is a periodic integrand in the first 
variable with linear growth in the second one, and M. is a smooth submanifold. Our main goal is 
to find an effective description of such energies as e — > 0. To this aim we perform a T-convergence 
analysis which is an appropriate approach to study asymptotics in variational problems (see [21] 
for a detailed description of this subject). For energies with superlinear growth, the most general 
homogenization result has been obtained independently in [15,38] in the nonconstrained case, and 
in [9] in the setting of manifold valued maps. 

The functional in (1.1) is naturally defined for maps in the Sobolev class W 1,1 . However if 
one wants to apply the Direct Method in the Calculus of Variations, it becomes necessary to 
extend the original energy to a larger class of functions (possibly singular) in which the existence 
of minimizers is ensured. In the nonconstrained case, this class is exactly the space of functions 
of bounded variation and the problem of finding an integral representation for the extension, the 
so-called ''relaxed junctional", has been widely invetigated, see e.g., [33,29,20,7,8,28,5,26,27,14] and 
[13,22] concerning homogenization in i3V-spaces. 

Many models from material science involve vector fields taking their values into a manifold. 
This is for example the case in the study of equilibria for liquid crystals, in ferromagnetism or 
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2 J.-F. Babadjian & V. Millot 

for magnctostrictive materials. It then became necessary to understand the behaviour of integral 
functionals of the type (1.1) under this additional constraint. In the framework of Sobolev spaces, 
it was the object of [19,3,9]. For e fixed, the complete analysis in the linear growth case has been 
performed in [2] assuming that the manifold is the unit sphere of R d . Using a different approach, 
the arbitrary manifold case has been recently treated in [37] where a further isotropy assumption 
on the integrand is made. We will present in the Appendix the analogue result to [2] for a general 
integrand and a general manifold. 

We finally mention that the topology of M does not play an important role here. This is 
in contrast with a slightly different problem originally introduced in [18,11], where the starting 
energy is assumed to be finite only for smooth maps. In this direction, some recent results in the 
linear growth case can be found in [31,32] where the study is performed within the framework of 
Cartesian Currents [30] . When the manifold A4 is topologically nontrivial, it shows the emergence 
in the relaxation process of non local effects essentially related to the non density of smooth maps 
(see [10,12]). 

Throughout this paper we consider a compact and connected smooth submanifold M. of M. d 
without boundary. The classes of maps we are interested in are defined as 

BV(Vt; M) := {u e BV(Vt; R d ) : u(x) e M for C N -a.e. x e fl} , 

and W 1A (fl; M) = BV(Q;M) n W 1A (n;R d ). For a smooth Al-valued map, it is well known that 
first order derivatives belong to the tangent space of M. , and this property has a natural extension 
to By-maps with values in M., see Lemma 2.1. 

The function / : R^ x R dxAr — ► [0, +oo) is assumed to be a Caratheodory integrand satisfying 

(Hi) for every £ € R dxN the function /(•, f ) is 1-periodic, i.e. if {ei, . . . , e^} denotes the canon- 
ical basis of R N , one has f(y + ei, £) = f(y, f ) for every i = 1, . . . , N and y <G M. N ; 

(H2) there exist < a < [3 < +00 such that 

a|f| < f(y,0 < 0(1 + If I) for a.e. y e E. N and all £ € R dxN ; 
(H3) there exists L > such that 

1/(2/, - /(i/.Ol < MS - e'l for a.c. y e R N and all £, £' e R dxJV . 
For e > 0, we define the functionals T e : i 1 (fi; R d ) — > [0, +00] by 



' f f(-,Vu)dx ifueW 1 ' 1 (fi;.M) ) 



T e (u) :— { Jn 

-00 otherwise . 

We have proved in [9] the following representation result on W 1 ' 1 ^; Ai). 

Theorem 1.1 ([9]). Let M. he a compact and connected smooth submanifold of M. d without 
boundary, and f : M. N x M. dxN — ► [0, +00) be a Caratheodory function satisfying (Hi) to (H3). 
Then the family {T e } e> Q Y -converges for the strong ^-topology at every u e VF 1;1 (f7;Al) to 
fhom : W hl (Q;M) -► [0,+oo), where 



Fhom(u) := / Tf hom (u,Vu)dx, 

and T/hom * s the tangentially homogenized energy density defined for every s £ M and £ G 
[T S (M)] N by 

T/ hom (s,£)= lirn inf(/ f(y,£ + Vy(y)) dy : V e W 1,oc ((0, t) N ;T s (Mj) }. (1.2) 

Note that the previous theorem is not really satisfactory since the domain of the r-limit is 
obviously larger than the Sobolev space W 1 ' 1 (Cl;A4). In view of the studies performed in [31,37], 
the domain is exactly given by BV(fl; M.). Under the additional (standard) assumption, 
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(H4) there exist C > and < q < 1 such that 

\f(v,0 - /°°(l/,OI < C(l + \e~ q ) for a.c. j, e R N and all £ G R dxN , 
where /°° : R^ x R dxAr — > [0, +00) is the recession function of / defined by 

/~(,,,0:=]imsu P ^^, 

we have extended Theorem 1.1 to BV-m&ps, and our main result can be stated as follows. 

Theorem 1.2. Let M. be a compact and connected smooth submanifold ofM. d without boundary, 
and let f : M. N x M dxAr — > [0, +00) be a Caratheodory function satisfying (Hi) to (H4). Then the 
family {!F 6 } I '-converges for the strong L 1 -topology to the functional Ji, om : L 1 (J7;IR ) — ► [0, +00] 
defined by 



Fhom(u) := < 



Tf hom (u,Vu)dx + -d hom (u + ,u ,v u )dH N 1 + 

S '" / , D c qi ^ ifu£BV(Q;M) 

J^aWu-\) dlDCUl 
+00 otherwise , 



where T/h om is given in (1.2), Tf^ m is the recession function o/T/h om defined for every s G M. 
and every £,£ [T S (M)} N by 

rr roc I t-\ T Jhom(, S ! *sj 

T fhom( s ,0 ■= limsup , 

4^ + oo t 

and for all (a,b,u) £ M x M x S^ -1 , 

t?hom(o,6,i/):= lirn infJ * / /~(y, Vp(y)) dy : ^ G W 1 ' 1 ^; A4) , 

ip = a on d(tQ v ) n {x • ^ > 0} and ip — b on d(fQ v ) n {x • ^ < 0} > , (1.3) 

Q v being any open unit cube in R centered at the origin with two of its faces orthogonal to v. 

The paper is organized as follows. We first review in Section 2 standard facts about of manifold 
valued Sobolcv mappings and functions of bounded variation that will be used all the way through. 
The main properties of the energy densities T/hom and i?hom are the object of Section 3. A locality 
property of the T- limit is established in Section 4. The upper bound inequality in Theorem 1.2 is 
the object of Section 5. The lower bound is obtained in Section 6 where the proof of the theorem is 
completed. Finally we state in the Appendix a relaxation result for general manifolds and integrands 
which extends [2] and [37]. 

2. Preliminaries 

Let f2 be a generic bounded open subset of 1*. We write A(fi) for the family of all open subsets 
of O, and B(fl) for the a-algebra of all Borcl subsets of O. We also consider a countable subfamily 
1Z(£1) of A(ii) made of all finite unions of cubes with rational edge length centered at rational 
points of R w . Given v £ § w_1 , Q v stands for an open unit cube in R^ centered at the origin with 
two of its faces orthogonal to v and Q v (xq, p) := xq + pQ v . Similarly Q := (—1/2, 1/2)^ is the 
unit cube in R^ and Q(xq, p) := xq + pQ. We denote by h°° the recession function of a generic 
scalar function h, i.e., 

h°°(£):= limsup^. 
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The space of vector valued Radon measures in Cl with finite total variation is denoted by 
M(Cl; M. m ). We shall follow [6] for the standard notation on functions of bounded variation. We 
only recall Alberti Rank One Theorem which states that for |D c u|-a.e. x € CI, 

. , . dD c u . . 

is a rank one matrix. 

In this paper, we are interested in Sobolev and BV maps taking their values into a given 
manifold. We consider a connected smooth submanifold M. of M. d without boundary. The tangent 
space of M. at s G M is denoted by T S (A4), co(A4) stands for the convex hull of A4, and iri(A4) 
is the fundamental group of M. . 

It is well known that if u € W hl (Cl;M), then Vu(i) € [T u{x) (M)] N for £ N -a.e. x G Cl. The 
analogue statement for BV-m&ps is given in Lemma 2.1 below. 

Lemma 2.1. For every u G BV(Cl; Ai), 

u(x) G M for every x G Cl \ S u ; (2.1) 

u ± (x) G M for every x G J u ; (2.2) 

Vu(x) G [T u(x) {M)] N for C N -a.e. ie!l; (2.3) 

rin c ii 

A ^ : = ITF^nW e \ T ^){M)] N for \D c u\-a.e. x E Cl . (2.4) 

Proof. We first show (2.1). By definition of the space BV(Cl;A4), u(y) G M. for a.e. y G Cl. 
Therefore for any x G CI \ S u , we have \u(y) — u(x)\ > dist(u(x), M) for a.e. y G CI. By definition 
of S u , this yields dist(u(x), M.) — 0, i.e., u(x) G AL Arguing as for the approximate limit points, 
one obtains (2.2). 

Now it remains to prove (2.3) and (2.4). We introduce the function $ : R d — > K defined by 

$(«) = x((5" 1 dist(s, Mf) dist(s, M) 2 , 

where \ € C™(R; [0, 1]) with %(*) = 1 for |i| < 1, x(t) = for |i| > 2, and 5 > is small enough so 
that $ G C 1 ^). Note that for every s G M, $(s) = and 

KerV$(s) =T S {M). (2.5) 

By the Chain Rule formula in BV (see, e.g., [6, Theorem 3.96]), $ o u G i?y(£l) and 

fl($ou)= V$(u)V« £ w L Cl + V^(u)D c u + ($(w+) - $(u - )) ^„ H^^L J„ 

= V$(u)Vu£ Ar L n + X7<P(u)A\D c u\ , 

thanks to (2.2). On the other hand, $ou = a.e. in Cl since u(x) G Al for a.e. x € Cl. Therefore 
we have that _D($ on) = 0. Since C N \_ Cl and \D c u\ are mutually singular measures, we infer that 
V${u(x))Vu(x) = for C N -a.e. x G Cl and V$(u(x))A(x) = for |L> c u|-a.e. x € Cl. Hence (2.3) 
and (2.4) follow from (2.5) together with (2.1). □ 

In [10,12], density results of smooth functions between manifolds into Sobolev spaces have been 
established. In the following theorem, we summarize these results only in W 1 ' 1 . Let S be the family 
of all finite unions of subsets contained in a (N — 2)-dimcnsional submanifold of M. N . 

Theorem 2.1. LetV(Cl;M) C W 1 * 1 ^; Al) be defined by 

'W 1 ^(Cl;M)nC ao (Cl;M) if m(M) = ., 

V(Cl;M) 

' {wG W 1 > 1 (Cl;M)r\C°°(Cl\Y,;M) for some S G S} otherwise. 
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Then V{Q;M) is dense in W^ffij-M) for the strong W 1 ' 1 (Q.;W i ) -topology. 

We now present a useful projection technique (taken from [23] for A\ = § d ~ 1 ). It was first 
introduced in [34,35], and makes use of an averaging device going back to [25]. We sketch the proof 
for the convenience of the reader. 

Proposition 2.1. Let M. he a compact connected m- dimensional smooth submanifold ofW. d with- 
out boundary, and let v E W 1 ' 1 (fl; R d ) f\C°°(fl\ S;M d ) for some Ee5 such that v(x) e co(Ai) 
for a.e. i£(l. Then there exists w € W 1 ' 1 ^; Ai) satisfying w — v a.e. in {x G 0\S : v(x) G A4j 
and 

\7w\dx<C i , f \Vv\dx, (2.6) 

Q Jn 

for some constant C* > which only depends on d and M. . 

Proof. According to [35, Lemma 6.1] (which holds for p = 1), there exist a compact Lipschitz 
polyhedral set X C M. d of codimension greater or equal to 2, and a locally Lipschitz map 7r : 
R d \ X -> M such that 

/ |V7r(s)| ds < +oo for every R < +oo . (2.7) 

JB d (0,R) 

Moreover, in a neighborhood of M. the mapping 7r is smooth of constant rank equal to m. 

We argue as in the proof of [35, Theorem 6.2]. Let B be an open ball in M. d containing .MUX, and 
let 5 > small enough so that the nearest point projection on M. is a well defined smooth mapping 
in the ^-neighborhood of Ai. Fix a < mf{5, dist(co(A / J), OB)} small enough, and for a € B d (0, a) 
we define the translates B a := a + B and X a := a + X, and the projection Tr a : B a \ X a — > M. 
by 7r a (s) := tt(s — a). Since 7r has full rank and is smooth in a neighborhood of Ai, by the Inverse 
Function Theorem the number 

A := sup Lip(7r a |_ M ) (2.8) 

aeB d (0,<j) 

is finite and only depends on AL Using Sard's lemma, one can show that w a o v £ W^ 1;1 (0; Ai) for 
£ d -a.e. a £ B d (0,a). Then Fubini's theorem together with the Chain Rule formula yields 

/ / |V(7r a o v)(x)\ dC N (x) dC d (a) < 

JB d {a,a) Jn 



< / \Wv(x)\ / \Vir(v(x)-a)\d£ d (a) d£ N (x) < 

Jn \JB d (0,cr) J 

< Q B \V7r( S )\dC d (s^ QjVv(x)\d£ N (x^ . 
Therefore we can find a e B d (0, a) such that 

\V(n a ov)\dx<CC d (B d (0,a)y 1 [ \Vv\dx, (2.9) 



where we used (2.7). To conclude, it suffices to set w := (^1^4) o n a o v, and (2.6) arises as a 
consequence of (2.8) and (2.9). □ 

3. Properties of homogenized energy densities 

In this section we present the main properties of the energy densities T/hom and ^i lom defined in 

(1.2) and (1.3). In particular we will prove that $hom is well defined in the sense that the limit in 

(1.3) exists. 
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3.1. The tangentially homogenized bulk energy 



We start by considering the bulk energy density T/hom defined in (1.2). As in [9] we first construct 
a new energy density g : l w x R d x R dxN — ► [0, +oo) satisfying 



9(;8,t) = /(■.£) and ffhom(s,0 =T/ hom (s,0 for s e Al and £ e [T S (7W)] 



N 



Hence upon extending T/ hom by.g hom outside the set {(s,£) G R d xR dxN : s e M, £ G [T^Al)]^}, 
we will tacitly assume T/hom to be defined over the whole R rf x R dxW . We proceed as follow. 

For s € M. we denote by P s : M. d — > T S (A1) the orthogonal projection from R d into T S (A4), and 

we set 



P s (0 := (P.(^i), ■ • • , P.(6v)) for £ = (&, . . . ,£„) € 



vdxN 



For <5 > fixed, let W := {s e I 11 : dist(s, M.) < <5 } be the <5 -ncighborhood of M. Choosing 
5q > small enough, we may assume that the nearest point projection II : hi — ► M. is a well defined 
Lipschitz mapping. Then the map scKh -fn(s) is Lipschitz. Now we introduce a cut-off function 
xe C c °°(R d ;[0, 1]) such that x(t) = 1 if dist(s,A4) < <5 /2, and x(s) = if dist(s, M) > 3(5 /4, and 
we define 



.(£):= x(*)Pn(.)(0 for(s,6eR d x 



adxN 



Given the Caratheodory integrand / : R N x R dxJV — ► [0, +oo) satisfying assumptions (Hi) to (H3), 
we construct the new integrand g : R w x R d x R dxAr — ► [0, +00) as 

5 (j/, S ,£):=/(j/,P s (£)) + |£-P s (0l- (3.1) 

We summarize in the following lemma the main properties of g. 

Lemma 3.1. The integrand g as defined in (3.1) is a Caratheodory function satisfying 

9(v,s,Z) = f(v,$) and g°°(y,s,® = r(y,0 for s e M and £ e [T S (M)] N , (3.2) 

and 

(i) g is 1-periodic in the first variable; 
(ii) there exist < a' < f3' such that 

a'\£\ <g(y,s,£) </?'(l + |£|) for every (s,£) e R d xK M and a.e. y e l w ; (3.3) 

(in) there exist C > and C > swc/i that 

\g(y,s,0-g(y,s',{;)\<C\ S - S , \\S;\, (3.4) 

|S(», *,0 -»(!/,*. Ol <^-^'l (3-5) 

for every s, s' £ R d , every £ € R dxAr and a.e. y <G R w ; 
(iv) if in addition (-H4) holds, there exists < q < 1 and C" > suc/i i/iaf 

\g(y,s,0-g°°(y,s,0\<C"(i + \e- q ) (3.6) 

/or every (s,£) E R d x R dxAr and a.e. i/eR". 

We can now state the properties of Tf\ lom and the relation between T/h om and ghom through 
the homogenization procedure. 

Proposition 3.1. Let f : M. N x R dxJV — ► [0, +00) &e a Caratheodory integrand satisfying (Hi) to 
(H3). Then the following properties hold: 
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(i) for every s G M and £ G [T S (M)] N , 

Tfhom(s, = .9hom(s, , (3.7) 

where 

3hom(s, := , Hm inf ( -f g(y, s, £ + V<p(y)) dy : <p G <'°°((0, t) N ; R d ) 

is the usual homogenized energy density of g (see, e.g., [16, Chapter 14]); 
(ii) the function T/h om is tangentially quasiconvex, i.e., for all s G M. and all £ G [T S (A4)] N , 

r./homO, < / Tf hom (s, £ + Vip(y)) dy 
for every ip G W '°°(Q] T S (A4)). In particular T./hom(s, •) is rank one convex; 

(Hi) there exists C > such that 

a|^|<T/ hom ( s ,0 </3(l + |£|), (3.8) 

and 

\Tf hom (s,0-Tf hom (s,e)\<C\t~e\ (3.9) 

for every s G M and £, £' G [T^Al)]^; 
^ijjj t/iere exists C\ > smc/i t/iat 

|T/ hom ( S ,0-T/ hom ( S , ,OI <Ci| S - S '|(l + |£|), (3.10) 

/or every s, s 1 G M d and £ G M. dxN . In particular T/h om is continuous; 

(v) if in addition (-H4) holds, there exist C2 > and < q < 1 smc/i t/iai 

ir/^M - Tf hom (s,0\ < C 2 (l + Itf 1 " 9 ) , (3.H) 

/or every (s,£) G M d x M dxAr . 

Remark 3.1. Observe that, if / satisfies assumption (-H3), then f°° satisfies (i?3) as well. In 
particular the function f°° is Caratheodory, 1-periodic in the first variable, and positively 1- 
homogeneous with respect to the second variable. In view of the growth and coercivity condition 
(H2), one gets that 

a\£\<f°°(y,0<f3\£\ for alUGM dxAr and a.c. y el". (3.12) 

Then, as for /°°, the function g°° is Caratheodory, 1-periodic in the first variable, and positively 
1-homogeneous with respect to the second variable. Moreover, 

a'ICI <.9°°(y,s,£) </3'|£| for every (s,£) G M d x R dxN and a.e. y eR N , 

and a/°° satisfies estimates analogue to (3.4) and (3.5). Hence we may apply classical homogenization 
results to g°°. In addition, in view of (3.2), claim(%) in Proposition 3.1 holds for f°° and g°°, and 
we have 

Ur°)hom(s,£) = (<7°°)hom(s,0 for every s G M and £ G [^(M)]" . 

In particular T(f 00 \ om will be tacitely extended by (g°°)hom- 

Proof of Proposition 3.1. The proofs of claims (i)-(iii) can be obtained exactly as in [9, Propo- 
sition 2.1] and we shall omit it. It remains to prove (iv) and (v). 

Fix s,s' G M. d and £ G R dxN . For any n > 0, we may find k G N and ip G WQ iao ((0,k) N ;R d ) 
such that 

g(y, s,€ + V<p) dy < g h om(s, £) + 77 . 
(o,fc) N 
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We infer from (3.3) that a'|£| < ghom(s,£) < 13' (1 + |£|) and consequently 

/ \V<p\dy<C(l + \t\), (3.13) 

J(0,k) N 

for some constant C > depending only on a' and j3' '. Then from (3.7) and (3.4) it follows that 

Tfhom(s', - T/ ho m(s, = 5hom(s', - .9hom(s, < 

< / (s(», s '> € + Vy>) - ff(y, a, £ + Vp)) dy + rj < 

J(0,k) N 



< C\s - s'\ 4 |e + V<p\ dy + V < C\s - s'\{\ + ICI) + V ■ 

J(0,k) N 



'(0,fc) 

We deduce relation (3.10) inverting the roles of s and s' , and sending r\ to zero. In particular, we 
obtain that T/h om is continuous as a consequence of (3.10) and (3.9). 

To show (3.11), let us consider sequences t n /* +oo, k n E N and ip n E W '°°((0, k n ) N ; T S (A4)) 
such that 



Tf£ m M = lim 

n— »+oo 



tr 



(3.14) 



and 



1 



T /(j/, *n£ + inV<^„) rfy < Tf hom (s, tnt,) + 

J(0,k n ) N n 

Then (iJ 2 ) and (3.8) yield 



J(0,k„) N 



dy<C(l + \£\), 



(3.15) 



for some constant C > depending only on a and /3. Using (H4) and (3.14), we derive that 



Tf hom (s, - TfC n (s, < liminf J 4 



(0,k n ) N 






dy- 



f°°(y,S + V<p n ) 



dy 



<\immi{C4 (l + |f + Vp„| 1-9 )dtf 

n^+oc I i( ,fe n )iv 



c 



. , (l + t^ie + v^i 1 -^)^ , 

r « J(0,k n ) N J 

where we have also used the fact that f°°(y, •) is positively homogeneous of degree one in the last 
inequality. Then (3.15) and Holder's inequality lead to 

T/hom^O - Tf™ m (s,0 < C(l + Id 1 - 9 ) • (3.16) 

Conversely, given k £ N and cp € W ' oo ((0, k) N ; T S (A4)), we deduce from (H2) that 

/0 '^ + V ^- ))) < 0(1 + |e + V^|) € ^((0, k) N ) 
whenever t > 1. Then Fatou's lemma implies 

T/&>,0<limsup/ f{y ^ + tVip) dy<4 f°°(y t Z + V<p)dy. 

Taking the infimum over all admissible </?'s and letting fc — ► +00, we infer 

^/iS m (s,a<n/ oc )ho m ( S ,a- (3.17) 
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For 77 > arbitrary small, consider k G N and <p G Wq'°°((0, k) N ; T S (M)) such that 

f(y,S + Vv)dy<Tf hom ( s ,Z) + r ] . 

(o,k) N 

In view of (#2) and (3.8), it turns out that (3.13) holds with constant C > only depending on a 
and p. Then it follows from (3.17) that 

Tf^ o Js,0 - T/ hom (s,0 < T(/°°) hom ( S ,0 - T/ hom (s,0 < 

</ |/°°(l/^ + V^-/(i/^ + V V )|dy + »y<c/ (l + ie + V^r-^dy + ry, 

J(0,k) N J(0,k) N 

where we have used (H4) in the last inequality. Using Holder's inequality, relation (3.13) together 
with the arbitrariness of r\ yields 

Tf^ m (s,0-Tf hom (s,0<C(l + \^\ 1 -' 1 ). (3.18) 

Gathering (3.16) and (3.18) we conclude the proof of (3.11). □ 

3.2. The homogenized surface energy 

We now present the homogenized surface energy density ^hom- We start by introducing some useful 
notations. 

Given v — (i>\, . . . , v^) an orthonormal basis of Wi N and (a, b) G M. x A4, we denote by 

Q v := laiui + . . . + a N v N : ai, . . . , a N e (-1/2, 1/2) j , 

and for x G 1 N , we set ||x||„ ]OCI := sup^M jyi |x-fj|, x^ := x-i^i and x' := (x-^ 2 )^2 + - • ■+(#"1'jv) i/ jv 
so that x can be identified to the pair (x',x„). Let u a ,b,v '■ Qv -^ .M be the function defined by 

{a if x„ > , 
6 if x v < . 
We introduce the class of functions 

A t (a,b,v) := If G W 1 ' 1 (tQ v \M) : <p = u 0( (,,„ on <9(t(2„)} . 
We have the following result. 
Proposition 3.2. For every (a,b,v\) G Ai x .M x S^ -1 , i/iere exists 

^hom(a, 6, ^i) := , lim inf <^ -jt— - \ f°°(y, V^(y)) dy : (p e A t (a, b,v)\ , 

where v = (i>\, . . . ,vn) is any orthonormal basis of R w with first element equal to V\ (the limit 
being independent of such a choice). 

The proof of Proposition 3.2 is quite indirect and is based on an analogous result for a similar 
surface energy density i\ om (see (3.19) below). We will prove in Proposition 3.3 that the two 
densities coincide. 

Given a and b G Ai, we introduce the family of geodesic curves between a and 6 by 

Q(a,b) := (7GC°°(R;A1) : j(t)=aiit> 1/2, j(t) = b if t < -1/2, f \-y\dt = d M (a,b) 

where d^n denotes the geodesic distance on .M. We define for e > and v — (i>\, . . . , vn) an 
orthonormal basis of WL N , 



R 



(a, b, v) := I u G W 1 ' 1 (Q V ; M) : u(x) — j(x v /e) on <9Q„ for some 7 G £(a, b) > 
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Proposition 3.3. For every (a, b) G M. x M. and every orthonormal basis v = [yi, . . . , vn) of 
R , there exists the limit 

$hom{a,b,v) := lim infj f f°° (-,Vu) dx : u G B e {a,b,v)\ . (3.19) 

Moreover t9hom(a, b, v) only depends on a, b and v\. 

Proof. The proof follows the scheme of the one in [17, Proposition 2.2]. We fix a and b G M.. For 
every e > and every orthonormal basis v — {y\, . . . , vn) of R N , we set 

I e {v) = I s {a, b, v) := inf { f f°° f-,Vu) dx : u e B e {a, b, v) 

We divide the proof into several steps. 

Step 1. Let v and v' be two orthonormal bases of R^ with equal first vector, i.e., v\ = v' x . 
Suppose that v is a rational basis, i.e., for all % € {1, ... , N} there exists % G R \ {0} such that 
Vi := 7i^i G 1> N ■ Similarly to Step 1 of the proof of [17, Proposition 2.2], we readily obtain that 

lim sup I e {v') < lim inf I e (v) . (3.20) 

Step 2. Let v and v' be two orthonormal rational bases of M. N with equal first vector. By Step 1 
we immediately obtain that the limits lim I e (y) and lim I e (y ) exist and are equal. 

Step 3. We claim that for every a > there exists 6 > (independent of a and b) such that if 
v and v 1 are two orthonormal bases of R N with |z/j — i/| < <5 for every i — 1, . . . , N, then 

lim inf I e (v) — Ka < lim inf I s {v) < lim sup I e {v') < limsup/ £ (i/) + Ko~ 

where if is a positive constant which only depends on M., f3 and N. 

We use the notation Q„. n := (1 — r()Q v where < r\ < 1. Let er > be fixed and let < r\ < 1 
be such that 

V <±- and max (l - (1 - r?)^ 1 , (1 ~ ^""l^ v-i^" ^ ~ i 1 ~ ^vf' 1 } < <>• (3-21) 



34 i v " (l-3r/) w -! 



Consider do > (that may be chosen so that S < r]/(2y / N)) such that for every < S < 5q and 
every pair v and v' of orthonormal basis of M. N satisfying \vi — v[\ < S for i = 1, . . . , N, one has 

Qu,3t] C Q v i .2q C Qv.q , (3.22) 

and {x ■ v[ = 0} n 9Q*,,,, C {|x • fi| < 1/8}. 

Given e > small, we consider u e G B e (a, 6, v') such that 



J r{^,\7u e )dx<I e {v')+o-. 



where u e (x) = 7e(av/ e ) for x G dQ u >. Now we construct w e G Z?( 1 _2r))e( a j b, v) satisfying the 
boundary condition v e (x) = r y e {x u /(l — 2ry)e) for x G dQ v . Consider F v : R N — ► M, 

_ / 1 - 2||x'|| v ,oo > \ av , /'j?- 1 + 2||a/||„, c 

-Tri(X) '■ — 



1 — 2rj \ T) J 1 — 2r/ 



and define 
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v £ (x) 



x 



if X E Q v ',2n, 



_*1 s J ifx€Qv,Ti\Qis',2 V : 



a if x e Q v \ Q U}V and x v > — , 

le (^Y^) if x e 4, == {^ : |^| < 1/4} n (Q„ \ Q,,,,) , 



6 if a; e Q„ \ Q^^ and x„ < -- . 

v 4 

at w £ is well defined for e small enough and that v e G £>(i-2>j)£( a ! b, Jy )- Therefore 



We can check that 

J (i-*,)-(")</ g / 00 ((r^.Vt;.)«fa 



'Q.,',2„ 



/= 



X 



,(l-2r?)e' 



Vi? £ I dx 



',V\Qt/' ,2t7 



^((I^'^l*' 



+ / /° 



,Vu 



dx =: 7i + J 2 + J 3 ■ 



(3.23) 



We now estimate these three integrals. First, we easily get that 

h = (1 - 2r/) JV - 1 J /°°(|,V« e )di/</ e (i/)+a. (3.24) 

In view of (3.22) we have Q„ >r; C (1 — 77) (1 — 2ry)(l — 3rj)~ 1 Q l/ i =: D n . Then we infer from the 
owth condition (3.12) together with Fubini's theorem that 



In view of (3.22) we have Qv. n C (1 — 
growth condition (3.12) together with F 



^2</?/ \Vv £ \dx= \ / 

>D v \Q„, t2n I 1 - 27 W £ ■/(£> t ,\Q,, i2 ^)n{|x 1 ,,|<(l-2r,)e/2} 

/■(l-277)e/2 



- Z?^- 1 ((A, \ Q„,, 2 „) n {av - 0}) - L / 

(l-^j£j.(1.2,) £ /2 

/ (l-r ? )^(l-2r / ) jV - 1 „_A 

-/3d M (a,6)^ (i_ 37? )JV-i (!- 2? ?) J- 



1 *^ 1/ ' 

Tel (1 - 2rj)e 
t 



dx 



Now it remains to estimate I3. To this purpose we first observe that (3.22) yields 

IIV-FyjH.LOO^.RN) < C, 

for some absolute constant C > 0, and 

|VF^(x) ■ i/i| > 1 for a.c. x E A n . 
Hence, thanks the growth condition (3.12), (3.26) and (3.27), we get that 

. fF n (x)\ 



dt 



(3.25) 

(3.26) 

(3.27) 



h<0 I \Vv £ \dx<^- f 

JA„ £ J A 



" -An 



ii 



FJxY 



dx< C -ll 
e Ja t , 



7e 



\VF v (x) ■ v x \dx = 



= C(i 



,1/4 



'A> V e J-l/4 



~n 



f F n(^ + x ') \ |VF„(M + x') • Vl \dt\ dH N -\x') , 
■■'■ "■■■-•' rr',,i.:„;i s theorem in the last equality. Changing 



1 



£ J-l/4 



t) - i 

A' := A n n {x v = 0}, and used Fubini' 
F n (tvi + x'), we obtain that for 7i N ~ l 

f F n (t Vl +x') \ | Vi ^ (ti/i + ^ . ^| di < y |^ (s) | ds = djM (a,6) . 



where we have set i\, q -.— s± n , , x ^ v 

variables s — (1 / e)F„(fvi + x'), we obtain that for H N ~ 1 -a.e. x' <G A' 

f l/4 

7< 
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Consequently, 

h < C/3H Ar - 1 (A;)d A1 (a,6) = (7/3(1 - (1 - ? 7 ) JV - 1 )d M (a,6) . (3.28) 

In view of (3.23), (3.21) and estimates (3.24), (3.25) and (3.28), we conclude that 

where K = 1 + /3A(1 + C), A is the diameter of M. and C is the constant given by (3.26). Finally, 
letting E->0we derive 

liminf/ e (^) < liminf/ e (^ ) + Kg , and lim sup / e (^) < lim sup ^(f ) + Ko . 

The symmetry of the roles of v and v' allows us to invert them, thus concluding the proof of Step 3. 

Step 4. Let v and v' be two orthonormal bases of M. N with equal first vector. Similarly to 
Step 4 of the proof of [17, Proposition 2.2], by Steps 2 and 3 we readily obtain that the limits 
lim I s {v) and lim I e (v) exist and are equal. rj 

Proof of Proposition 3.2. We use the notation of the previous proof. Given e > and an 
orthonormal basis v = (y\, . . . , vn) of M. N , we set 



J, 



(i/) =J s {a,b,u) :=inf | / /°°(-,Vw) dx : u £ A x {a, b, v) 



inf < e 



JV-l 



\Q> 



f°°{y^f)dy : (p £ Ai/ S (a,b, v) 



We claim that 



lim J e (y) = lim I e (y) . 

e— »0 e^O 

For < e < 1 we set e = e/(l — e), and we consider ug £ Bg(a, b, v) satisfying 

r{^,Vug)dx<h{v)+e, 
where ug(x) — jg(x u /i) if x £ dQ„, for some jg £ Q(a,b). We define for every x £ Q v , 

if x £ Q„ >e , 



(3.29) 



v e {x) 



1-e 



otherwise . 



One may check that v £ £ Ai (a, 6, v) , and hence 

We now estimate these two integrals. First, we have 

h = (1 - ef- 1 J f 00 (f. Vug) dy<{\- e) N -\h{v) + e) 



dx= I I°° (§> V ^) dx+ .f 00 ( p VV £ ) r/.r = / , + /, 



In view of the growth condition (3.12) 

■i i/ 



(3.30) 



h<P 



<W 



AQ« 



Is 



1-21 a;' 



1-2 a;' 



(1 - 2||x'|| I ,, 00 ) 2 



dx 



(Q„\Qv,e)n{\x„\<(l-2\\x>\\„ ]00 )/2} 



1-2 x' 



1-2 x' 



dx . 
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where we have used the facts that 7e(x„/(l — 2||x'||„. 00 )) = in the set {\x v \ > (1 — 2||x'|| 00 )/2} 
and ||V(||a;'||^ 00 )|| L oo ( Q i/ . R N ) < 1. Setting Q' v = Q v n {x v = 0} and Q' ue = Q v>e n {a^ = 0}, we 
infer from Fubini's theorem that 



r .(l-2||x'||„, 00 )/2 

7 2 <2/3 

X\Q!,. E W-(l-2||a;'||„,oo)/2 



/ 



! * dt)dn N - 1 {x')< 



1 — 2llr'll 



< 2f3H N - l {Q' u \ Q; £ ) d M (a, 6) < 2/3d M (a, 6)(l - (1 - e)"" 1 ) . (3.31) 
In view of the estimates (3.30) and (3.31) obtained for I\ and I2, we derive that 

limsupJe(^) < lim. I e (u). (3.32) 

Conversely, given < e < 1, we consider u e G *4i(a, 6, 1/) such that 

f /~(£,Vu e )da;< J e (i/)+e, 

and 7 G £(a, 6) fixed. We define for a; G Q„, 

if a; G Q„ :£ , 




w e (x) 

otherwise. 



(1 - e)(2\\x% !00 - 1 + e) , 
We can check that w e G B(i_ £ ) s (a, 6, v), and arguing as previously we infer that 

7 "-'• ( '' , s is te • Vu '') * + 1^ /= ° fe • "*) dI 

< (1 - e)^ 1 ( J-M +e)+ 2<3d M (a, 6)(l - (1 - e)^ 1 ) . 
Consequently, lim / e (^) < liminf J s (v), which, together with (3.32), completes the proof of Propo- 

e— »0 £^0 

sition 3.2. □ 

We now state the following properties of the surface energy density. 

Proposition 3.4. The function $hom is continuous on M. x M. x S^ -1 and there exist constants 
C\ > and C2 > such that 

1 1?hom (Ol,6l,I/l) -4om (02,62,^1) I < Cl(|0l -O2I + |6l - 6 2 |) , (3.33) 

and 

J?hom(ai,6i,i'i) < C 2 |oi - 6i| (3.34) 

for every ffli, 61, 02, 62 G -M arl <^ "1 G S^ -1 . 

Proof. We use the notation of the previous proof. By Proposition 3.2 together with steps 3 and 
4 of the proof of Proposition 3.3, we get that #hom(o, b, •) is continuous on § uniformly with 
respect to a and b. Hence it is enough to show that (3.33) holds to get the continuity of i?hom- 

Step 1. We start with the proof of (3.33). Fix v\ G S^ -1 and let v — (v\, v%, . . . , vm) be any 
orthonormal basis of M. N . For every e > 0, let e := e/(l — e) and consider 7,? G G(ai,b\) and 
Ui G Bi(ai, 61, z/) such that Ue(x) = je{x v /i) for x G dQ;, and 



f /~(|,V«g)dx<Jg(0l, 61, !/)+£. 
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We shall now carefully modify ug in order to get another function v e G Ai(a,2, 62, v). We will 
proceed as in the proofs of Propositions 3.2 and 3.3. Let j a G G(a,2,a,i) and jb G G(b2,bi), and 
define 

( / \ 

if x e Q v ,s , 

if x & A\, 



1-e 



f e (x) := < 



7e 
7o 
76 



1 — 2||a?'||„, e 

gM^Zl + 1') if ,e.l 2 :=^\(Wn{.r 1/ >;/2}. 

gM^Zl + l) ir ,. G .1, :=U), \g„... ) ili.r,. '. -r/2}. 



-.„ , » l^°° + - j if x e A 4 := I < x v < - , - - x v < \\xf\\ v>0 o < 2 1 



lb 



with 



1 1?"°° +^) if * € ^4* := |-| < a:^ < 0, § +^ < Ha/IU.00 < | f » 



1-e 1 1 

M := { — — < \\ x '\\v,oo < 2 and W ^ "Ik Ikoo + 2 



One may check that the function v e has been constructed in such a way that v e G A\(a2,b2,v), 
and thus 



Js(a2,b2,v)< j f°°(^,Vv e )dx. 

Arguing exactly as in the proof of Proposition 3.3, one can show that 

/ W-,Vt; c ) da <Jg(oi,6i, i/J + e, 
jQu,. Ke ' 

and 

J r (p V« e ) dx < Ccl^oi, 6i)(l - (1 - e)^- 1 )) . 

Now we only estimate the integrals over A2 and A4, the ones over A3 and A5 being very similar. 
Define the Lipschitz function F e : K. N — » K by 



(3.35) 



(3.36) 



(3.37) 



F s (x) 



^11*^11^,00 J- -L 



e 2 

Using the growth condition (3.12) together with Fubini's theorem, and the fact that A2 G 
i^T 1 ([-1/2, 1/2)), we derive 



I r(-,Vv e )dx<!3 I \%{F e {x))\\VF e {x)\dx< 



1/2 



</?/ | 7 a(^(x))||VF £ (x)|dx</3/ I'VaWIW^- 1 ^- 1 !*})*. 

JF- 1 ([-l/2,l/2)) 7-1/2 

where we used the Coarea formula in the last inequality. We observe that for every t G (—1/2, 1/2), 
F- l {t} = dQ e(i-2 t) so that H N - l {F- l {t}) < H N - l (dQ). Therefore 



/ f°° (f> Vv *) dx ^ W N - 1 (dQ)d M (a 1 ,a2) . 



(3.38) 



Define now G : M w \ {x,, = 0} -> M by 

G(x) 



^|| *^ || I/, OO J- -1- 
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The growth condition (3.12) and Fubini's theorem yield 

<0 I'' (i \%{G{x',x u ))\\^G{x',x v )\dH N - l {x')\dx u . 

JO \JG(,!„)-i([-l/2,l/2)) J 

As \V x >G(x)\ = l/x v and \V Xv G(x)\ < l/x v for a.e. x e At, it follows that |VG(x)| < 2|V x 'G(a;)| 
for a.e. x £ A4. Hence 

f°°(^,VVe)dx < 

<W I"' (f \%{G{x',x u ))\\^ xl G{x',x v )\dn N - l {x')\dx u . 

Jo \iG(, I „)-'([-l/2,l/2)) J 

For every x v <G (0, e/2) the function G(-, £„) : K^ -1 — ► R is Lipschitz, and thus the Coarea formula 
implies 

J r^,Vv £ )dx<2(3J e/ I J \%{t)\H N - 2 {{x' :G{x',x v )=t})dt\dx u 

< Ce d M (a 1 , a 2 ) , (3.39) 

where we used as previously the estimate H N ~ 2 ({x' : G{x' ,x v ) = t\) < H N ~ 2 (d( z ^,^) N ~ 1 ). 
Gathering (3.35) to (3.39) and considering the analogous estimates for the integrals over A% and 
A§ (with b\ and b 2 instead of a\ and 012), we infer that 

J s {a2,b 2 ,v) < / f°° (-,Vu e ) dx < I s (ai,h,u) + C(s + d M (ai,a 2 ) + d M (bi,b 2 )) ■ 
JQv V£ j 

Taking the limit as e — > 0, we get in light of Propositions 3.2 and 3.3 that 

■dhom(a 2 ,b 2 ,is) < #hom(ai,&i,j/) + C(d M (b u b 2 ) + d M {ai,a 2 )) . 

Since the geodesic distance on M. is equivalent to the Euclidian distance, we conclude, possibly 
exchanging the roles of (ai,6i) and (02,62), that (3.33) holds. 

Step 2. We now prove (3.34). Given an arbitrary orthonormal basis v — [y\, . . . , vm) of M. N , 
let 7 <G Q{a\,b\) and define u e {x) := -f(x„/s). Obviously u e £ B E (ai,bi,v). Using (3.29) together 
with the growth condition (3.12) satisfied by f°°, we derive that 



#hom(ai,&i,z/i) < liminf / f°° ( -, Vu e ) dx < liminf - / 7 ( J 

e ^° Jo v v e ' z-o e J Qu V £ J 



dx = /3d^((ai, 61) 



Then (3.34) follows from the equivalence between d^n and the Euclidian distance. □ 

4. Localization and integral repersentation on partitions 

In this section we first show that the r-limit defines a measure. Then we prove an abstract repre- 
sentation on partitions in sets of finite perimeter. This two facts will allow us to obtain the upper 
bound on the r-limit in the next section. 

4.1. Localization 

We consider an arbitrary given sequence {e n } \ + and we localize the functionals {J 7 en }neN on 
the family .4(0), i.e., for every u £ £ 1 (0; R d ) and every A € .4(0), we set 



j f(—,Vu\dx if we W l ' 1 {A-M)' 



Fs n {u,A) 

otherwise . 
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Next wc define for u E L 1 ^; R d ) and A € A(Cl), 

T(u,A) := inf I liminf T 6n {u n ,A) : u n -> u in L^rM . 

Note that JF(m, •) is an increasing set function for every u E L 1 (J7;R d ) and that .?"(•, A) is lower 
semicontinuous with respect to the strong L 1 (A;R d )-convergence for every A E A(fl). 

Since i 1 (A;M d ) is separable, [21, Theorem 8.5] and a diagonalization argument bring the ex- 
istence of a subsequence (still denoted {e n }) such that J-(-,A) is the T-limit of J r Sn (-,A) for the 
strong L 1 (A;K d )-topology for every A E H(Q) (or A = Q). 

We have the following locality property of the T-limit which, in the BV setting, parallels [9, 
Lemma 3.1]. 

Lemma 4.1. For every u E BV(Q;A4), the set function 3-(u,-) is the restriction to A(Cl) of a 
Radon measure absolutely continuous with respect to C N + \Du\. 

Proof. Let u E BV(fl; M.) and A E A(£i). By Theorem 3.9 in [6], there exists a sequence {u n } C 
W 1 ' 1 (A;M d ) r\C°°(A;R d ) such that u„ -*■ u in L 1 (^;R d ) and j^ |Vu„|dx -> |I>u|(A). Moreover, 
Wn(x) G co(Al) for a.e. a; G A and every n G N. Applying Proposition 2.1 to u„, we obtain a new 
sequence {w n } G M /1 ' 1 (A;A / t) satisfying 

Vw„| dx < C+ / |Vu„| da;, 
A J A 

for some constant C* > depending only on M and d. From construction of w n , we have that 
w n — » u in L 1 ^;]! 
condition (_ff 2 ) that 



ui„ — ► m in L 1 (A;R d ). Taking {«;„} as admissible sequence, we deduce in light of the growth 



f(u,A)</3(£ N (A) + C*\Du\(A)). 

We now prove that 

F{u, A) < f(u, B) + T{u, A\C) 

for every A, B and C G A(Cl) satisfying C C B C A. Then the measure property of !F(u, ■) can 
be obtained as in the proof of [9, Lemma 3.1] with minor modifications. For this reason, we shall 
omit it. 

Let R G 1Z(Vl) such that C CC R CC B and consider {u n } C W l ' 1 (R;M) satisfying u n — ► u 
ini 1 (i2;M d ) and 

lim f en (u n ,R)=J r (u,R). (4.1) 

n — >+oc 

Given 77 > arbitrary, there exists a sequence {v n } C W 1 ' 1 (A\ C;A4) such that v n — ► u in 

L 1 (A\C 7 ;M d ) and 

liminf .F en (u n ,4 \ C) < T{u, A\C)+rj. (4.2) 

n — >+oo 

By Theorem 2.1, we can assume without loss of generality that u n G T>{R; M.) and v n G T>(A \ 
C; M). Let L := dist(C, dR) and define for every i G {0, . . . , n}, 

fl,:= iGJJ: dist(x, <9i?) > — 

n 



Given i G {0, . . . , n — 1}, let Si :— Ri \ Ri+i and consider a cut-off function Q G C^°(fi; [0, 1]) 
satisfying d(x) = 1 for x G -Ri+i, d(x) — for x G ft \ Ri and |V£»| < 2n/L. Define 

z„,i := Qu n + (1 - Ci)v„ G W 1 ' 1 ^; R d ) . 

If 7Ti(A^) 7^ 0, z nj i is smooth in A \ Y> nt i with £„,j G 5, while z n! i is smooth in A if it\(M.) = 0. 
Observe that z n ,i{x) G co(Al) for a.e. x E A and actually, 2 n> i fails to be .M-valued exactly in 
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the set Si- To get an admissible sequence, we project z n ,i on M. using Proposition 2.1. It yields a 
sequence {w n .i} C W 1,1 (A;A / i) satisfying w n ^ = z n ,j a.e. in A \ Si, 

w n ,i — u\dx< / \z n ,i — u\ dx + CC (Si), (4-3) 

A J A 

for some constant C > depending only on the diameter of co(Al), and 

/ |Vio ni i| dx <C± |Vz„,»| dx <C± ( |Vw„| + |Vu„| + — ^ |w„ - w„|J dx . 

Arguing exactly as in the proof of [9, Lemma 3.1], we now find an index i n £ {0, . . . , n — 1} such 
that 

f en (w n , in ,A)<f Sn {u n ,R)+f Sn (v n ,A\C) + 

+ C / _|u„-w„|rfa; + — sup / _(1 + \Vu k \ + \Vv k \) dx , (4.4) 

Jii\C n kefiJR\C 

for some constant Cq independent of n. 

A well known consequence of the Coarea formula yields (see, e.g., [24, Lemma 3.2.34]), 

p(i n +l)L/n 

^ N {S ln )= / H N - 1 ({xeR:6ist(x,dR)=t})dt^>0 asm+oo. (4.5) 

Ji„L/n 

As a consequence of (4.3) and (4.5), w n .i n —* u in L 1 (A;M d ). Taking the liminf in (4.4) and using 
(4.1) together with (4.2), we derive 

T{u, A) < T{u, R) + T{u, A\C)+r]< T{u, B) + T{u, A\C)+r). 

The conclusion follows from the arbitrariness of r\. □ 

Remark 4.1. In view of Lemma 4.1, for every u € BV(fl; M), the set function T[u, •) can be 
uniquely extended to a Radon measure on Cl. Such a measure is given by 

T{u, B) := inf {T{u, A) : A e A(Q), B <Z A) , 

for every B e B(Vt) (see, e.g., [6, Theorem 1.53]). 

4.2. Integral representation on partitions 

Besides the locality of T(u, ■), another key point of the analysis is to prove an abstract integral 
representation on partitions. Similarly to e.g. [17, Lemma 3.7], using (H\) we easily obtain the 
translation invariance property of the r-limit, the proof of which is omitted. 

Lemma 4.2. For every u £ BV(il; Ai), every A e A(fl) and every y £ ~R N such that y + A C Q, 
we have 

T(t v u, y + A) — T(u, A) , 

where (t v u)(x) :— u(x — y). 

We are now in position to prove the integral representation of the P- limit on partitions. 

Proposition 4.1. There exists a unique function K : A4 x A4 x S^ -1 — ► [0, +oo) continuous in 

the last variable and such that 

(i) K(a, b, v) = K(b, a, —v) for every [a,b,v) £ M x M x S^ -1 , 

(ii) for every finite subset T of Ad, 

F{u,S)= I if(w + ,M _ ,f„)dW JV " 1 , (4.6) 

Js 

for every u £ BV(fl; T) and every Borel subset S of Ct ("1 S u . 

Proof. It follows the argument of [17, Proposition 4.2] that is based on the general result [4, 
Theorem 3.1], on account to Lemmas 4.1, 4.2 and Remark 4.1. We omit any further details. □ 
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5. The upper bound 

We now adress the T-lini sup inequality. The upper bound on the diffuse part will be obtained using 
an extension of the relaxation result of [2] (see Theorem 7.1 in the Appendix) together with the 
partial representation of the T-limit already established in W 1,1 (see Theorem 1.1). The estimate 
of the jump part relies on the integral representation on partitions in sets of finite perimeter stated 
in Proposition 4.1. 

In view of the measure property of the T-limit, we may write for every u G BV(Q; M.), 

t{u, n) = t{u, n\s u ) + f(u, nns u ). (5.1) 

Hence the desired upper bound T{u 1 fi) < .^hom(w) will follow estimating separately the two terms 
in the right handside of (5.1). 

Lemma 5.1. For every u G BV(ft; Ai), we have 

T{u, ft\S u )< J T/ hom ( U , Vu) dx + J Tf£ m U, I^t) d\D c u\ . 

Proof. Let A € A{Q) and {u n } C W l ' 1 {A;M) be such that u n -► u in L l (A; R d ). Since f{-, A) is 
sequentially lower semicontinuous for the strong L}{A\ M. d ) convergence, it follows from Theorem 1.1 
that 

T{u 1 A) < liminf T{u n , A) = liminf / Tfh om (u n , Vu n ) dx . 

n — >+oc n — > + oo / * 

Since the sequence {u n } is arbitrary, we deduce 

f(u,A) < mil liminf / Tf hom (u n , Vu„) dx : {u n } C W hl (A;M), u n -> u in ^(A; R d ) \ . 

[n^ + ooJ A J 

According to Proposition 3.1, the energy density T/h om is a continuous and tangentially quasicon- 
vcx function which fulfills the assumptions of Theorem 7.1. Hence 



JV-l 



T{u,A) < f Tf hom (u,Wu)dx+ f Tf£ m fu,^^-] d\D c u\ + f H(u+ ,u~ ,v u )dU 
J A J A V d\D c u\J J SunA 

(5.2) 

for some function H : M. x M. x S^ l — ► [0, +oo). By outer regularity, (5.2) holds for every 

A e B(Q). Taking A = ft \ S u , we obtain 

Hu, V\S U )< J Tf hom (u, Vu) dx + J^ Tf£ m U, 4^7 ) d\D c u\ , 

and the proof is complete. □ 

To prove the upper bound of the jump part, we first need to compare the energy density K 
obtained in Proposition 4.1 with the expected density t?hom- 



Lemma 5.2. We have K(a,b,vi) < $hom(a, b,v\) for every (a,b,v\) G Ai x A\ x S^ 1 . 

Proof. We will partially proceed as in the proof of Proposition 3.3 and we refer to it for the 
notation. Consider v = (i>\, . . . , i/jv) an orthonormal basis of M. N . We shall prove that K(a,b,v\) < 
^hom(tt) b, v\). Since K and tJhom are continuous in the last variable, we may assume that v is a 
rational basis, i.e., for all i G {1, . . . , N}, there exists 7$ G M \ {0} such that Vi := 7,fj € Z N , and 
the general case follows by density. 

Given < r\ < 1 arbitrary, by Proposition 3.2 and (3.29) we can find £o > 0, u$ G B 6o (a, b, v) 
and 7 eo G Q(a, b) such that Wo^) = le { x • vi/eq) and 

f°° ( — , Vu J dx < ??hom(a, 6, fi)+V- 
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For every A = (A 2 , . . . , Xn) G Z^ -1 , we set x n X > ■— e n Y^=2 ^i v i and Qw : = Xn + ( £ n/so)Qu- We 
define the set A„ by 



N 



*=2 ^° 



A„ := <j A G 7L N - X : QW C Q„ and x^ g ^ ( ^ + e „ 7l J Vi + £n P 

for some (I2, ■ ■ ■ , £jv) G Z^ -1 



P := < a 2 v 2 + . . . + aNVN ■ tt2, • • • , ocn € [—1/2, 1/2) >. 




if x G <3l>,n for some A G A„ , 



where 

Next consider 



otherwise . 

Note that u n G W^ l {Q v ;M), {Vu„} is bounded in L 1 (Q p ;M dxN ), and u„ -> <f in L 1 (Q„;R d ) 
asm +00 with u"> given by 

„ h, s a if 1 ■ fi > , „ r „. m -, 

u% b (x):={ X ~ ' n^:={ iC GR JV :x.^=0}. 

» it 1 • i/i < , 

Arguing as in Step 1 of the proof of [17, Proposition 2.2], we obtain that 

limsup / f°°( — ,Vu n )dx<[ f oc (-,\7u ]dx<i) hom {a,b,u 1 )+f ] . (5.3) 

rw + oo JQ„ \£n / ./q„ \£o / 

For p > define A p := Q„ n {\x ■ v\\ < p}. By construction the sequence {u n } is admissible for 
F{u a v f,A ri ) so that 

^«f , A, nn vi ) < ^«f,A^) < liminf f f(—,Vu n \ dx < 

«— >+oo j A ^ ye n j 

< (3£ N (A n )+ liminf / f( — , Vu„ ) dx < liminf / /( — , Vu„ | dx + (irj , (5.4) 
™^+oo _/ A ^ \ £n J n^+00 J A ^ \e n J 

where we have used (H2) and the fact that Vw„ = outside A En . On the other hand, Proposition 4.1 
yields 



^«; h ,^nn yi )= I K{a,b,u 1 )dH N - 1 = K(a,b,vi) 



(5.5) 



Using (iJ 4 ), the boundedness of {Vu„} in L 1 ^; R dxJV ), the fact that /°°(-,0) = 0, and Holder's 
inequality, we derive 

J f(^-,Vu n ]dx- f f°°(y,\7u n )dx <C I (l + |Vw„| 1 - 9 )dx 

< C{e n +el\\\7u n \\ 1 L -^. WLdxN) ) - (5.6) 

as n — > oo. Gathering (5.3), (5.4), (5.5) and (5.6), we obtain K(a, b, u{) < d hom (a, b, v-\) + (f3 + l)r/ 
and the conclusion follows from the arbitrariness of rj. □ 

We are now in position to prove the upper bound on the jump part of the energy The argument 
is based on Lemma 5.2 together with an approximation procedure of [7]. In view of Lemma 5.1 
and (5.1), this will complete the proof of the upper bound T(u, Q) < ^Fhom(u)- 
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Corollary 5.1. For every u <G BV(fl; A4), we have 



T{u, £1 n S u ) < / fl hom (u + ,u ,v u )dH f 
./fins,, 



Proof. First assume that u takes a finite number of values, i.e., u € BV(Q;T) for some finite 

subset TcAi. Then the conclusion directly follows from Proposition 4.1 together with Lemma 5.2. 

Fix an arbitrary function u € BV(Q; Ai) and an open set A e A(fl). For So > small enough, 

let U := {s e K d : dist(s, M.) < So} be the ^-neighborhood of A4 on which the nearest point 

projection II : hi — > M. is a well defined Lipschitz mapping. We extend $hom to a function $hom 
defined in R d x K d x S^" 1 by setting 

^hom(a, b, v) ■— x(o)x(&)^hom ( 11(a), 11(6), v 

for a cut-off function \ e C^°(R d : [0, 1]) satisfying X (t) = 1 if dist(s,M) < <5 /2, and X (s) = if 
dist(s, Al) > 3(5o/4. In view of Proposition 3.4, we infer that $hom is continuous and satisfies 

|^hom(ai,6i,j/) -'i?hom(a2,&2,t / )| < C(|oi -a 2 | + \h - b 2 \) , 

and 

i?hom(ai,&i,^) < C|ai - 6i| , 

for every oi, &i, a2, 62 € IR d , v € S^ -1 , and some constant C > 0. Therefore we can apply Step 2 
in the proof of [7, Proposition 4.8] to obtain a sequence {v n } C BV(Vt\ K. d ) such that, for every 
n e N, v„ e BV(ft; T n ) for some finite set T n C K d , i>„ -> u in Z,°°(n; K d ) and 

limsup f ^ hom (v+,v-,v Vn )dH N - 1 < C\Du\(A\ S u ) + f $ hoia (u+,u-, v^dH™- 1 

7l->+oo JAnS Vn J AC\S U 

= C\Du\(A\S u )+ J ^ om {u + ,u-,v u )dU N - 1 . 

JAns u 

Hence we may assume without loss of generality that for each n € N, \\v n — u\\L°°(n-M d ) < <fo/2, 
and thus dist(v^(x), M) < \v^(x) — m ± (x)| < So/2 for Tl N ~ 1 -a.e. x G S Vn . In particular, we can 
define 

u n := n(u n ) , 

and then u n € BV(fl; A4), u n — > u in i 1 (51;K. d ). Moreover, one may check that for each n € N, 
S„„ C S„ B so that H N - 1 (S Un \ {J Un n J„ B )) < H N -\S Un \J Un )+ n N ~ 1 (S Vn \ J Vn ) = 0, and 

u„ (x) = II(f„ (x)) and v Un (x) = v Vn (x) for every x € J M „ ("I J„ n . 
Consequently, 



limsup / '&ho m {u/ ll u nl v Un )dn N l < 

re— >+oo JAnS u „ 



< limsup / 4om("n^„ ,v Vn )dH N 1 < 

ri^+oc J AC\Sv n 

<C\Du\(A\S u )+ f 7? hom ( u +, u -,^)dW w - 1 . (5.7) 
JAnS u 

Since u n takes a finite number of values, Proposition 4.1 and Lemma 5.2 yield 

F(u n ,AnS u J< [ d hom (u+,u-^ u jdn N -\ (5.8) 

J Ar\S Un 
and, in view of Lemma 4.1, 

T{u n ,A\S Un )<CC N {A). (5.9) 
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Combining (5.7), (5.8) and (5.9), we deduce 

limsup f(u„, A) = limsup (^F(u n , A \ S Un ) + f(u„, A n S Un )) 

n — > + oo n — >+oc 

< / ^ hom (u+,u-,iy u )dH N - 1 +C(C N (A) + \Du\(A\S u )). 
JAns u 

On the other hand, !F(-,A) is lower semicontinuous with respect to the strong ^(A-jW 1 )- 
convergence, and thus J^(u, A) < liminf f(u„, A) which leads to 

n — > + oo 

F(u,A)< f ^ hom (u+,u-^ u )dH N - 1 +C(C N (A) + \Du\(A\S u )). 
J AnS u 

Since A is arbitrary, the above inequality holds for any open set A £ .4.(0) and, by Remark 4.1, it 
also holds if A is any Borel subset of fi. Then taking A = il n S u yields the desired inequality □ 

6. The lower bound 

We adrcss in this section with the r-liminf inequality Using the blow-up method, we follow the 
approach of [27], estimating separately the Cantor part and the jump part, while the bulk part is 
obtained exactly as in the W 1 ' 1 analysis, see [9, Lemma 5.2]. 

Lemma 6.1. For every u £ BV(fl;Ai), we have !F(u,il) > J-'hom(u)- 
Proof. Let u E BV(fl;M) and {u n } C W 1 ' 1 ^; M) be such that 

F(u, fl) = lim / / ( — , V« n I dx . 

n-++ooJ Q \e n J 

Define the sequence of nonncgativc Radon measures 

H n :=f( — ,Vu n }c N Ln. 

Up to the extraction of a subsequence, we can assume that there exists a nonnegative Radon 
measure /i G A4(fl) such that fi n — *■ /x in A4(il). By the Besicovitch Differentiation Theorem, we 
can split /i into the sum of four mutually singular nonnegative measures fi = /i a + ft 1 + /i c + /i s 
where /x a < £ N , tf < H N ~ 1 \-S U and [i c < |D c u|. Since we have /j,(H) < JF(«, 0), it is enough 
to check that 

(xo) > Tf hom (u{x ), V«(so)) for C N -&.e. x e , (6.1) 



dC N 



''" Axo) > Tf£ m (u(x ), ^^(x ) ] for \D c u\- a .e. x e n , (6.2) 



and 



d\D c u\ y Ul ~ - ,hom V d\D°u 



(xo) > $hom(u + (x ),u (xo ) , v u (xo ) ) for TL N 1 -&.e. x £ S u ■ (6.3) 



dU N - l \-S u 

The proof of (6.1) follows the one in [9, Lemma 5.2] and we shall omit it. The proofs of (6.2) and 
(6.3) are postponed to the remaining of this subsection. □ 

Proof of (6.2). The lower bound on the density of the Cantor part will be achieved in three steps. 
We shall use the blow-up method to reduce the study to constant limits, and then a truncation 
argument as in the proof of [9, Lemma 5.2], to replace the starting sequence by a uniformly 
converging one. 



22 J.-F. Babadjian & V. Millot 

Step 1. Choose a point xq E £1 such that 



lim 4 \u(x) — u(xq)\ dx = , (6-4) 

A{x ) := lim ,n"S|r°' P \\ G Pfifco)^)]* is a rank onc matrix with \ A (xo)\ = 1 , (6.5) 
P ^o+ |Dw|(Q(x ,p)) ■ 

i (xq) exists and is finite and — t— — r(xo) = 1 , (6-6) 



d\D c u\ K uy d|L> c u| 

lim l g »l(^^)) = and lim \M9^l£h = +OQ , ( 6 . 7 ) 

\Du\(Q(xo,p)\Q(x ,Tp)) n 

lim mi , „ , / ^ / < 1 — r lor every < r < 1 . 6.8 

P ^o+ \Du\(Q(x ,p)) v ; 

It turns out that |D c u|-a.e. xo E il satisfy these properties. Indeed (6.6) is immediate while (6.4) 
is a consequence of the fact that S u is |Z? c u|-negligiblc. Property (6.5) comes from Alberti Rank 
One Theorem together with Lemma 2.1, (6.7) from [6, Proposition 3.92 (a), (c)] and (6.8) from [27, 
Lemma 2.13]. Write A{xq) = a ® v for some a <G A4 and v e S^ -1 . Upon rotating the coordinate 
axis, one may assume without loss of generality that v = e^. To simplify the notations, we set 
so := u(xq) and Aq := A(xo). 

Fix t € (0, 1) arbitrarily close to 1, and in view of (6.8), find a sequence pk \ + such that 

r c \Du\(Q(xp, Pk)\Q(xo,tp k )) N 

hmsup — < 1 - t . (6.9 

k^+oo \Du\(Q(x ,Pk)) 

Now fix t < 7 < 1 and set 7' := (1 + 7)/2. Using (6.6), we derive 



dp , x ,. p(Q(x Q ,p k )) p(Q(x 0i ypk)) . 
;(Xo) = hm — > hmsup ^- > 



d\D c u\ k^+oc \Du\(Q(x ,p k )) fe^+oo \Du\(Q(x , pk)) 

> lim sup lim sup — — — — — / /( — ,Wu n )dx. (6.10) 

fe^+oc rw+oo \Du\{Q{X0,Pk)) jQ(x ,-y'Pk) \ £n I 

Arguing as in the proof of [9, Lemma 5.2] with minor modifications, we construct a sequence 
K} C IU 1 ^ oc (g(0,p fe );M d ) satisfying v n -» u(x + •) in Z, 1 (Q(0,p fc );K d ) and 

limsup / /( — , Vu„ I dx > limsup / <?( — ,v n ,\7v n \dx, (6-H) 

n->+oo JQ(xo,t'Pk) \ £n J n^ + 00 JQ(0./yp k ) \ e « / 

where g is given by (3.1). Setting w n ,k{x) :— v n (p k x), a change of variable together with (6.10) 
and (6.11) yields 

,, nc 1 (so) > limsup limsup fc / g ( -^— , w„, fc , — Vw„, fc I dx . (6.12) 

Then we infer from (6.4) that 

lim lim / \w n k — So| dx = , (6.13) 

k - 

and 



fc^ + oo n^+oc jq 



JV-1 

i- i- Pk 

lim lim 



fe^+ocn^+oo \Du\(Q(xo,Pk)) Jq 



W n ,k{x) - U(X + Pfex) 



- / {w n ,k(y) - u{x + PkV)) dy 



dx = 0. (6.14) 
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By (6.12), (6.13) and (6.14), we can extract a diagonal sequence n k — > +oo such that 5 k 

£n k /pk -> 0, w k := w rlfc , fe -> s in ^(Q-M 4 ), 



dp 



d\D c 



-Axq) > limsup 



rf 



9 1 —,Wk, —Vwk ) dx , 



and 



lim 



JV-1 

Pk 



\Du\(Q(x ,p k )) J Q 



k^+oo \Du\(Q(x ,Pk)) Jjq \Sk Pk 



u>k(x) - u(x + pk x) - / (wk(y) -u(x Q + p k y))dy 



dx = 0. (6.15) 



Step 2. Nowwe reproduce the truncation argument used in Step 2 of the proof of [9, Lemma 5.2] 
with minor modifications (make use of (6.7) and [27, Lemma 2.12] instead of [26, Lemma 2.6], 
see [27] for details). Setting a k ■— J Q Wk(y)dy, it yields a sequence of cut-off functions {( k } C 
C C °°(M; [0, 1]) such that Cfc(r) = 1 if \t\ < s k , Cfe(r) = is |r| > t k for some 

\\w k - afe|lii 2 (Q ;R d) < s k <t k < \\w k - a k \\2i 3 ( Q . Rd) , 

for which w k := a k + ( k (\w k — a k \)(w k — a k ) E W 1 ' 1 (Q; R d ) satisfies w k — ► So in L°°(Q; R. d ) and 

dp 



P N k 



g ( -=-,Wk, — Vrai I dx . 



,,,,.,, r(*o) > limsup - . ,, . ...... 

d\D c u\ fe^+oo \Du\(Q{xo,Pkjj Jjq \0k Pk 

In view of the coercivity condition (3.3), (6.6) and (6.16), 

sup TrTJTnt \\ \Vw k \dx< +00. 

keN \Du\{Q(xo,Pkjj JjQ 

Therefore, (3.4), (6.16) and \\w k — So\\L°°(Q;R d ) — » lead to 

/ g[ 7-, so, — VuJfc I dx. 
A<3 V^fe Pk J 



(6.16) 



dp , •> ^ ■,. P k 

— — -r(Xo) > limsup — — 7T- , , 

aD c u fc^+oo ■£>« \{Q{xo,pk)) J lQ 



JV-1 

Pk 



Next we define the three following sequences for every ieQ 

u k (x) : 

z k (x) :■■ 



,-. ,,.., ,u(x + Pkx)- / u(x + p k y)dy 

Du\(Q(x ,p k ))\ J Q 



P N k -' 



\Du\(Q{x ,Pk)) 



(wk{x) 



ak 



JV-1 

*k(x) := , ,7^7 ^(wk(x) -o fe ) 

As a consequence of (6.15) we have ||zfc — Ufe||i,i(Q ; R<i) — > 



— > 0, and since 
Ufc(a;) dx = and |D«/;|(<3) = 1 , 



it follows that the sequence {u k } is bounded in BV(Q; R d ) and thus relatively compact in 
L 1 (Q;M. d ). Hence {u k } is equi-integrable, and consequently so is {z k }. Up to a subsequence, u k 
converges in L x {Q;M. d ) to some function v £ BV(Q;R d ), and then z k -*■ u in L^QjR^). By [6, 
Theorem 3.95] the limit v is representable by 

v(x) — a 9(xn) 
for some increasing function 8 £ BV((—l/2, 1/2); R) (recall that we assume Aq — a <£> ejv)- 
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By construction, w k coincides with w k in the set {\w k — ctk\ < s fe}- Hence 

jv-i r 

Pk - ZkWmQfr*) = in \tnt v^ / \w k {x)-w k {x)\dx< 

\Du\{Q{x , pk)) J {\w h -a h \>s k } 

JV-l ,■ ,■ 

-TFTuru vT / \w k (x) - a k \ dx = \z k (x)\dx. (6.17) 

\Du\(Q(x , p k )) J { \ Wk -a k \>s k } J{\ Wk -a k \>s k } 

By Chcbyshcv inequality, we have 

£ N ({\w k -a k \> s k }) < — \w k (x) - a k \dx < \\w k - akW/i, d -> , (6.18) 



s k J Q - " W{Q&) 

and thus (6.17), (6.18) and the equi-integrability of {z k } imply \\zk — Zk\\L 1 (Q;S. d ) ~ * 0. Therefore 
~z k — > t; in L 1 (Q;R d ), and setting a fc := |Du|(Q(a;o,Pfe))//5^ — ► +oo, 

— — — r (a;o) > limsup — / g ( — ,s ,a k Vz k ) dx . (6.19) 

d|.D c u| k^+oo ak J 1 q \0k J 

Using (3.6) and the positive 1-homogencity of the recession function g oa {y, s, •), we infer that 

/ — g(^-,s ,a k Vz- k ) -g°° (^, So ,Vz fe ) dx < — f (1 + c^lV^I 1 " 9 ) dx 
J~tQ "fe \o k J \o k J a k J lQ 

< C{a k x + ari|Vz fc ||^7 ( 9 7Q;RdxJV) ) -»0, 

where we have used Holder's inequality and the boundedncss of {Vz^} in L 1 ('yQ-,K dxN ) (which 
follows from (3.3) and (6.19)). Consequently, 

— — — (zo) > limsup / g°° ( — , s , Vz k I dx . 
d\D c u\ k ^ +OQ J jQ \5 k J 

Step 3. Extend 8 continuously to R by the values of its traces at ±1/2. Define v k (x) — 
Vk(%N) '■— 0-& * Qk{%N) where Qk is a sequence of (one dimensional) mollificrs. Then v k — > v in 
L 1 (<5;R d ) and thus, since u k — v k — > in L 1 (Q;M d ), it follows that (up to a subsequence) 

DtZ fc (rQ) - -D^rQ) -> (6.20) 

for £ 1 -a.e. r e (0, 1). Fix r e (£, 7) for which (6.20) holds. Since \\z k — VkW^fQ-^) ~> 0, one can 
use a standard cut-off function argument (see [27, p. 29-30]) to modify the sequence {~z k } and 
produce a new sequence \jp k } C W 1 ' co (TQ;M. d ) satisfying Tp k — ► w in i 1 (r<5;R d ), ^ fe = u^ on a 
neighborhood of 3{tQ) and 

-^-(x )> limsup/ ^f* So ,V^W (6.21) 

A simple computation shows that 

n _ , n , Du(Q(x ,Tp k )) N 

Du k (TQ) = — and Dv k (TQ) = t A k , (6.22) 

|Du|(Q(a;o,Pfe)) 

where A^ G R dxAr is the matrix given by 

0*Q k {Tl2)-0*Q k (-T/2) 

A k := a ejv . 

T 

We observe that ^4fc is bounded in fc since has bounded variation. 
Let mfe := [t /5 k ] + 1 € N, and define for x = (x' , xn) G S k m k Q, 

Tp k {x) ~ A k x ii x e tQ , 

,v k {x N )-A k x if |xjv| < t/1 and |x'| > r/2 , 

" ' '"' ' = = ^ w fc (T/2) - A fc (x', r/2) if x w > r/2 , 

v k (-T/2)-A k (x',-T/2) ifx N <-r/2. 
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One may check that (p k G W 1 ' 00 (8 k m k Q;R d ) , f k is (^m^-periodic, and that 

limsup/ g°° I — , s ,V^ fe ) dx = limsup / g°° I — , s , A k + V<p k ) dx . (6.23) 

fe^+oc JtQ \"fe / fe^+oc JS k m k Q \ d k / 

Setting (/>fe(y) := T N 5^ 1 ip k (5 k y) for y G m^Q, we have <f> k G Wu! 00 (m k Q;R d ), and a change of 
variables yields 

/ 9°°(y ,sv,A k + Vvarphi k \dx = T- N 5 k v m 1 * 4 ff °° (y,s ,T N ' A k + V<p k ) dy 

J8 k m k Q \0 k J Jm k Q 

> T- N d£m% ( 5 00 )ho m (so, r N A k ) , (6.24) 

since (.g°°)hom can be computed as follows (see Remark 3.1 and e.g., [16, Remark 14.6]), 



ar)ham(*,£) =inf <4 9°°(y,s,£ + V(Ky))dy :mG N, G ^"((O.m)";^) . 

[J(0,m) w J 

Gathering (6.21), (6.23) and (6.24), we derive 



(x ) > limsup (5°°) hom (so,T A fe ) 



In view (6.20), (6.22), (6.9) and (6.5), we have 

limsup \t n A k — Aq\ = limsup | Dvk(rQ) — Aq\ = limsup \Du k (rQ) — ^4 | 

k — > + oo k — > + oo k — >+oc 



lim sup 

k — > + oo 



Du{Q{x Q ,Tp k )) 

An 



limsup \DA{Q^ : Pk)\Q{x,r Pk)) ^^^ 
fe^+oo \Du\(Q(xo,p k )) 



\Du\(Q(xo,Pk)) 
By Remark 3.1, (5°°)hom(so: ■) is Lipschitz continuous, and consequently 

'''' (x )>(g QC )ho m (so,A a )-C(l-t N ). 



d\D c Ui 
From the arbitrariness of t, we finally infer that 



d\D c 



(xo) > (g°°)ho m (so,A ). 



Since s G M and A G [T S0 (M)] N , Remark 3.1 and (3.17) yield (g°°) h om(so, A ) = 
7X/°°)hom(so, A ) > T/^ m (s , A ), and the proof is complete. □ 

Proof of (6.3). The strategy used in that part follows the one already used for the bulk and Cantor 
parts. It still rests on the blow up method together with the projection argument in Proposition 2.1. 

Step 1. Let x € S u be such that 



lim 4 \u(x)-u ± (x )\dx = 0, (6.25) 

P-» 0+ ^Q±,_.,(xo 

where u ± (xo) G Ai, 



' Qt.^tf&O'P) 



Inn -^ = 1 , (6.26) 

and such that the Radon-Nikodym derivative of \x with respect to Ti. N ^ x L S u exists and is finite. 
By Lemma 2.1, Theorem 3.78 and Theorem 2.83 (i) in [6] (with cubes instead of balls), it turns 
out that 7i -a.e. xq G S u satisfy these properties. Set s := u (xq), vq := ^(xo). 
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Up to a further subsequence, we may assume that (1 + IVwnD-C^L £1 — *■ A in A4(Cl) for some 
nonnegative Radon measure A € A4(fl). Consider a sequence pk \ + satisfying /i(<9Q„ (xo,Pfc)) = 
M9Qv ( x o, Pk)) — for each k e N. Using (6.26) we derive 

d P- , x ,. KQv ( x o, Pk)) ,. P>(Q Vo {xo, Pk)) 

-(x ) lrni ^i, — p rr = lim - 



= lim lim „_ 1 / /( — , Vw n ) da; . 

k-H-oon-H-oc^ J Qva{x ^ pk) \e n J 

Thanks to Theorem 2.1, one can assume without loss of generality that u n E D(Cl; Ad) for each n E 
N. Arguing exactly as in Step 1 of the proof of [9, Lemma 5.2] (with Q l/Q (xo,pk) instead of Q(xq, pk)) 
we obtain a sequence {«„} C V(Q „ (0, pk); A4) such that v n — * u(x + •) in L 1 (Q Vo (0, pk);^ d ) as 

n — ► +oo, and 



-— ^— — — (x ) > lim sup lim sup -^^ / / — , Vw„ ) dx 

art LD„ fe^+oc n->+oo /9 fe JQv (0,p k ) \ £n / 

(note that the construction process to obtain w„ from u n does not affect the manifold constraint) 
Changing variables and setting w n ,k{x) = v n (pk x) lead to 



d/i 



- — —(x ) > lim sup limsuppfe / / , — Vra„i I dx . 

I— >J« fe^ + oo ri^+oo JQun \ £n Pk J 



dn N ~ 

Dehning 

J sj if x • ^o > , 

«oW : = i - .. ^ n 

I s it x ■ uq < , 

we infer from (6.25) that 

lim lim / \w n k ~ M o| dx = . 

By a standard diagonal argument, we find a sequence Hk S +oo such that Sk '■— £ nk /pk — * 0, 
Wk ■= w nkik e V(Q Va \M) converges to m in L 1 (Q Va ;R d ), and 

— - jy-j- — — (x ) > limsup p k / /(t-,— Vwfe ) dx. (6.27) 

a7t JV 1 L6„ fe^+oo Jq vo \0k Pk J 

According to (H4) and the positive 1-homogeneity of f°°(y, ■), we have 

Pkf(%- ,— Vwk)-f°°(^- ,Vwk) dx<C Pk [ (l + pr'lVwkf-^dx 

\ d k Pk J \0k J J Qm 



<c{ Pk +pl\\Vw k \\\-l QiQ . MdyN) ) , (6.28) 



where we have used Holder's inequality and < q < 1. From (6.27) and the coercivity condition 
(H 2 ), it follows that {Vw fe } is uniformly bounded in L l (Q„ ;R dxN ). Gathering (6.27) and (6.28) 
yields 

]7=ri c fo) ^ lim SU P / /°° ( T - Vw ^ ^ • ( 6 - 29 ) 



dH 



Step 2. Now it remains to modify the value of Wk on a neighborhood of dQ Ua in order to get 
an admissible test function for the surface energy density. We argue as in [2, Lemma 5.2]. Using 
the notations of Subsection 3.2, we consider 7 G G(sq , 8q), and set 

Wk(x) :=7 I -^ — 
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Using a De Giorgi type slicing argument, we shall modify w k in order to get a function which 
matches ip k on dQ Uo . To this end, define 

r k ■■= \\w k - V^ll^g^.Rd) , M k := fc[l + \\w k \\ wl , 1{Qvo . Rd) + WfaWw^HQ^m*)] . 4 := j^- ■ 

Since ip k and w k converge to uo hi ^(Q^M. ), we have r k — ► 0, and one may assume that 
< r-fc < 1. Set 

Qf :=(l-r fc +*4)Q^ for* = 0,...,M fc . 

For every ie {1, . . . , M^}, consider a cut-off function ^ <E C^°(Q^ ; [0, 1]) satisfying <p£' = 1 on 
Q<g~ 1] and |V^| < c/4- Define 

4° := V^Wifc + (1 - V^Wk € W 1 ' 1 (Q„ ;R'') , 

so that 4 = Wfe in Q^ , and 4 = ijj k in Qj, \ Q k . Since 4 is smooth outside a finite union 
of sets contained in some (TV — 2)-dimensional submanifolds and z k (x) € co(Al) for a.c. x e Q„ , 
one can apply Proposition 2.1 to obtain new functions z k <G W 1,1 {Q Vo ;M) such that z k = z k 

on(Q, \g«)UQ^ 1) ,and 



Nz®\dx<cJ Nz^\dx 

Qi"\Q ( r 1} M'Mi* ' 



<cw ( |vw fe | + |v^ fc | + — |wfe-Vfe| ) dx. 



(i)\ n (-D V 4 



In particular 4 G B,s fc (sQ , s 1 ^0)1 and by the growth condition (3.12), 



•*W 



.r 



/~hr> V 4 <**< / /°° N-,V«; fc dar + C / |W> fe |ete 



Summing up over all i = 1, . . . , M^ and dividing by Mfe, we get that 

M, 

Mi" 



C / (|Vwfe| + |VV'fe| + - r |wfe-Vfe| ] d«. 

JQ ( ,' ) \Q < , , - 1) V h J 



ktjr{i^y*<-jr{h^¥- 



C <o) |VVfei dx + - + C|K - iMIl^.r.1) ■ 

J Qv \Q k 



Since 



Q»o\Qi 0) 



\V^ k \dx < d M (s+, s^H^dQ^ \ Q k 0) ) n {x ■ v a = 0}) - 



as fc — > +00, there exists a sequence ?]fe — > + such that 

^|/ gk .^(5-^ , )*^/ ,^(5-S* + *- 

Hence, for each fceNwe can find some index i k E {1, . . . , M k } satisfying 

f°°(lT ^i ik) )dx< [ f°°(^-,Vw k )dx + Vk . (6.30) 

Q vo \°k J Jq„ \ d k ) 
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Gathering (6.29) and (6.30), we obtain that 



— _- -=-(x ) > lunsup / 

an i_ d u k^+oo JQ V0 



x 



foo y^> dx 



i(ik. 



k 



?(**) a K, fc+ 



Since z k k G Bs k (sq , s , z^o), we infer from Proposition 3.2, Proposition 3.3 and (3.29) that 

dU N-i\_ S ( x °) >^hom(4' s 0^o), 
which completes the proof. □ 

6.1. Proof of Theorem 1.2 

Proof of Theorem 1.2. In view of (#2) and the closure of the pointwise constraint under strong 
L 1 -convergence, F(u) < +00 implies u <G BV(il;A4). In view of (5.1), Lemma 5.1, Corollary 5.1 
and Lemma 6.1, the subsequence {F En } L-converges to Jhom in L 1 (il;M. d ). Since the L-limit does 
not depend on the particular choice of the subsequence, we get in light of [21, Proposition 8.3] that 
the whole sequence T-converges. □ 

7. Appendix 

We present in this appendix a relaxation result already proved in [2] for A4 = S d ~ 1 , and in [37] 
for isotropic integrands. The proof can be obtained following the one of [2, Theorem 3.1] replacing 
the standard projection on the sphere (used in Lemma 5.2, Proposition 6.2 and Lemma 6.4 of [2]) 
by the projection on M. of [35] as in Proposition 2.1. Since we only make use of the upper bound 
on the diffuse part, we will just enlight the differences in the main steps leading to it. 

Assume that M. is a smooth, compact and connected submanifold of M. d without boundary, and 

let / : Q x R d x R dx7V — > [0, +00) be a continous function satisfying: 

(H[) f is tangentially quasiconvex, i.e., for all x G fi, all s G M. and all £ <G [T S (A4)] N , 



f(x,s,0< I f(x,s,Z + V<p(y))dy for every p G W^°°(Q;T S (M)) : 



rl.oo 

j(x, a,c, -1- vtp(y))ay ior every pt it 
IQ 

(H' 2 ) there exist a > and j3 > such that 



a 



If I < f(x, S, < (3(1 + |f |) for every (x, s, f ) G fi x K d x R dxAr : 



dxJV 



(H3) for every compact set if C fi, there exists a continuous function lu : [0, +00) — ► [0, +00) 
satisfying w(0) = and 

|/(x, a, - /(*', s ', 01 < w(l» - *'| + \s - s'\)(l + |£ |) 

for every x, x' € 0, s, s' G R d and £ e M dxAr ; 
(i7 4 ) there exist C > and q € (0, 1) such that 

\f(x,s,0 - r(x,s,0\ < C(l + \e- q ), for every (x,s,0 G fi x R d x 
where /°° : fi x R d x R dxJV — ► [0, +00) is the recession function of / defined by 

roof /-\ r •/(.•£? s ? '"S/ 

/ {x,s,Q :=hmsup . 

t^+00 t 

Consider the functional F : i 1 (SI; R d ) — ► [0, +00] given by 

f(x,u,\7u)dx ifueW^ityM), 
F(u) := { Ja 

3 otherwise, 
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and its relaxation for the strong L 1 (J7;R d )-topology F : L 1 (f2;IR d ) — ► [0, +00] defined by 

F(u) := inf i lira inf F(u n ) : u n -> u in L 1 (fi; M d ) I . 
{«„) [«— >+oo J 

Then the following integral representation result holds: 

Theorem 7.1. Let M. be a smooth compact and connected submanifold ofM. d without boundary, 
and let f : M. N x M dxAr — > [0, +00) 6e a continuous function satisfying (H[) to (H' 4 ). Then for 
every ue L 1 (Q;R d ), 



F{u) = < 



f(x,u,Vu)dx + / K(x,u + ,u ,v u )d'H + 

JonS » r / dD c u \ ifueBV(Sl;M), 

+ lr{ x ^w^\) dlDCul ™ 



+00 otherwise , 

where for every (x,a,b,v) £ Q, X M x M x S^ -1 , 

K(x,a,b,v) :=mi\ / f oc (x,p(y),Vp(y))dy : ip € W 1 ' 1 (Qu;M), p = a on {x ■ v = 1/2}, 

p = b on {x ■ v = —1/2} and <p is 1-periodic in the U2, . . . , vn directions 

{v, V2, ■ ■ ■ , vn} forms any orthonormal basis ofWi N , and Q v stands for the open unit cube in Wi N 
centered at the origin associated to this basis. 

Sketch of the Proof. The proof of the lower bound ">" in (7.1) can be obtained as in [9, 
Lemma 5.2] and Lemma 6.1 using standard techniques to handle with the dependence on the 
space variable. The lower bounds for the bulk and Cantor parts rely on the construction of a 
suitable function / : J7 x M. d x M. dxN — ► [0, +00) replacing / as we already pursued in Section 3.1. 
On the other hand, the jump part rests on the projection on M. of [35] as in Proposition 2.1 instead 
of the standard projection on the sphere used in [2, Proposition 5.2]. 

To obtain the upper bound, we localize as usual the functionals setting for every u E L (f2;R ) 
and A e .4(0), 

' r f(x lU ,Vu)dx ifueW 1 ' 1 ^;^), 
F(u,A) := <( J A 

-00 otherwise , 

F(u,A) := inf <J liminf F(u n , A) : u n -> u in L 1 {A;R d ) 

Arguing as in the proof of Lemma 4.1, we obtain that for every u G BV(Cl;M.), the set function 
F(u, ■) is the restriction to A(fl) of a Radon measure absolutely continuous with respect to C N + 
\Du\. Hence it uniquely extends into a Radon measure on Q (see Remark 4.1), and it suffices to 
prove that for any u € BV(fl; Ai), 

F(u,nnS u )<[ K{x,u+,u-,v u )dH N - 1 , (7.2) 

dF d £N'\ x o) < /(so,ti(go),V«(go)) for C N -a.e. x e Q , (7.3) 

^]^M < f 00 (x , «(*<>), ^| (so)) for l^^l-a.c. x € fi , (7.4) 
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Proof of (7.2). Concerning the jump part, one can proceed as in [2, Lemma 6.5]. A slight difference 
lies in the third step of its proof where one needs to approximate in energy an arbitrary u £ 
BV(il;A4) by a sequence {u n } C BV(£l; Ai) such that for each n, u n assumes a finite number of 
values. This can be performed as in the proof of Corollary 5.1 using the regularity properties of K 
stated in [2, Lemma 4.1] for M = S d_1 . 

Proof of (7.3). Let xq £ fl be a Lebesgue point for u and Vw such that u(xo) £ -M, Vu(xq) £ 
[T u{xo) (M)] N , 

\D s u\{Q{x 0lP )) 
inn -t \ u \ x ) ~ "^'OJK 1 "I" I vu \ x )\) ax = u ) nm 

p^v + Jq(x ,p) p^o+ 

and 



lim -f |«(a;)-«(»o)|(l + |V«(a;)|)da; = 0, lim l — "i^o,^; =Q ^ 

p-'V + Jq(x ,p) p^o+ p N 



d\Du\ dF(u,-) , 

~ d ~£N~^> aild dL N ( X °) 

exist and are finite. Note that C N -s,.e. xq £ Q satisfy these properties. We select a sequence pk \ + 
such that Q(xo,2pk) C Cl and \Du\(dQ(xo, pk)) — for each k £ N. Next consider a sequence of 
standard mollifiers {g n }, and define u n :— g n * u £ W 1 ' 1 (Q(xo, pfe);M d ) n C co (Q(x , pfc);R d ). In 
the sequel, we shall argue as in the proof of Proposition 2.1 and we refer to it for the notation. 
Fix 5 > small enough such that 7r : M. d \ X — ► M. is smooth in the 5- neighborhood of M. . Since 
u n takes its values in co(.A4), we can reproduce the proof of Proposition 2.1 to find a n £ R d with 
\a k n \ < 8/ A such that setting p n := (7r a fc|^) _1 °K a k, w k := p n ou n £ W 1 ' l {Q{x 0l p k );M) and 

/ \Vw^\dx<C t [ \Vu n \dx, (7.5) 

J A\ JA k n 

where A n denotes the open set A n :— {x £ Q(x 0} pk) ■ dist(w„(x), M) > 5/2}. Furthermore, 
since 7r is smooth in the 8- neighborhood of Ai and \a„\ < 8 /A, there exists a constant Cs > 
independent of n and k such that 

\^ 2 Pn( s )\ + \VPn(s)\ < c s for every s £ R d satisfying dist(s, M) < 8/2 , (7.6) 

and consequently, 

|Vu£| < C s \Vu n \ £ N -a.e. in Q(x , p k ) \ A k n . (7.7) 

Since u(x) £ M. for £ A r -a.c. x £ ft, it follows that 

^{A^) <- dist(u„, M) dx< - \u n - u\ dx > , 

d JQ(xo, Pk ) d JQ{x , Pk ) ™^ +oc 

and then (7.6) yields 



/ \w n - U\ dx = l \w n - u\ dx+ \Pn( u n) - Pn(u)\ dx < 

JQ(x a ,p k ) JA\ JQ(xo,Pk)\A* 

< diam(M)£ N (A k ) + C 6 f \u n - u\ dx ► . 

jQ(x , Pk ) n ^ +oc 

Hence w n — > u in L 1 (<5(xo,Pfc);K d ) asn^ +oo so that we are allowed to take w n as competitor, 
i.e., 

F(u,Q(x ,pk)) < liminf / f(x, w n , Vw£) dx . 

JQ(x ,Pk) 

At this stage we can argue exactly as in [2, Lemma 6.4] to prove that for any rj > there exists 
A = A(?7) > such that 



F(u,Q(x ,p k )) < liminf <^ / f(x Q ,u(xo),'Vu n )dx + C |Vw„ - Vw„| dx + 

n^+oo I jQ( XQtPk ) JQ(x ,p k ) 

+ C(?7 + Ap fe ) I (l + \Wu n \)dx + C\ f |*u* - «(a:o)|(l + | Vw*|) da:| . (7.8) 

JQ(x ,p k ) JQ(x ,p k ) ) 
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The first and third term in the right handsidc of (7.8) can be treated as in the proof of [27, 
Theorem 2.16]. Concerning the remaining terms, we proceed as follows. Using (7.5), (7.6) and 
(7.7), we get that 

w^-u(x )\\Vw^\dx< diam(TW) / \Vw*\dx + 

Q(x ,Pk) J A* 

\p k n (u n ) - p k n (u(x ))\\Vwt\dx < C [ \Wu n \dx + 

Q(x ,p k )\A^ JA\ 



+ Cs \u n -u(x )\\Vu n \dx < C$ \u n -u(x a )\\Vu n \dx, (7.9) 

jQ(x ,Pk)\A* JQ{x ,p k ) 

where Cs > still denotes some constant depending on 5 but independent of k and n. Arguing in 
a similar way, we also derive 

/ \Vu n -Vw k \dx<C 5 \u n -u(x Q )\\Vu n \dx+ \L k n Vu n \dx, (7.10) 

JQ(x ,Pk) JQ(x ,p k ) JQ(xa,Pk)\Ak 

where L k n := Id- Vp k n {u{x a )) e Lin(M dxd ,M dxd ). Gathering (7.8), (7.9) and (7.10) we finally 
obtain that 

F(u, Q(x ,p k )) < liminf <^ / f(x a ,u(x a ),'Vu n )dx + C \L k l S/u n \dx + 

n^+oc lJ Q{xo , Pk ) JQ(x ,p k )\A* n 

+ C{j 1 + \ Pk ) (l + \Vu n \)dx + C s X |«n-«(*o)|(l + |V«„|)da:|. (7.11) 

JQ(x ,Pk) JQ(x ,Pk) J 

Now we can follow the argument in [2, Lemma 6.4] to conclude that 

d~F(u, ■) 

d rN ( X °) - f( X °> u ( x o), V«(l )) , 

which completes the proof of (7.3). 

Proof of (7.4). Once again the proof parallels the one in [2, Lemma 6.4]. We first proceed as in the 
previous reasoning leading to (7.11). Then we can exactly follow the argument of [2, Lemma 6.4] 
to obtain (7.4). □ 
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